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GLOBAL BEHAVIOUR AND PERIODICITIES OF SOME
FRACTIONAL RECURSIVE SEQUENCES

ABDUL KHALIQ"? AND E. M. ELSAYED?*

ABSTRACT. In this paper, we obtain the expression and form of the

solutions of the following recursive sequences
Tn—2Tn—7

Tn—a(Fl £ Tp_oTn_7)’

Tni1 = n=0,1,..,

where the initial conditions x_7, x_¢, x_5, x_4, T_3, T_2, T_1, To
are arbitrary positive real numbers. We studied the equilibrium points
of the given equation. Some qualitative properties such as the global
stability, and the periodic character of the solutions in each case have
been studied. We found expression and form of solution and presented
some numerical examples by using random initial values in each case.
Some figures have been given to explain the behavior of the obtained
solutions by using MATLAB 6.5 to confirm the obtained results.

2010 MATHEMATICS SUBJECT CLASSIFICATION. 39A10; 40A05.

KEYWORDS AND PHRASES. difference equations, recursive sequences,
stability, periodic solution.

1. INTRODUCTION
This paper deals with the solution behaviour of the recursive sequence

(1.1) Tl = e LU
:17n74(:tl + xn72xn77)
where the initial conditions z_7, z_g, T_5, T_4, T_3, T_2 T_1, To, are
arbitrary positive real numbers. Also we obtain the form and study the
solution of some special equations.

The theory and methods of discrete dynamical systems is varied field and
developed greatly during the recent years, which impact almost every branch
of mathematics. Every dynamical system zp+1 = f(@n, Tn—2,..., Tn_g) de-
termines a difference equation and vise versa. Applications of difference
equations also experienced gigantic improvement in many areas. One of the
reasons for this is a necessity for some techniques whose can be used in
investigating equations arising in mathematical models describing real life
situations in population biology [36], economic, physics, probability theory,
genetics, resource management, psychology, etc. There is no doubt that
the theory of difference equations will continue to play an important role
in mathematics as a whole. Nonlinear difference equations of order greater
than one are of paramount importance in applications. Such equations also
appear naturally as discrete analogues and as numerical solutions of differen-
tial and delay differential equations which model various diverse phenomena
in biology, ecology, physiology, physics, engineering and economics. The
study of properties of rational difference equations and systems of rational

n=0,1,...,
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difference equations [1]-[18] has been an area of interest in recent years.

The theory of difference equations occupies a central position in applicable

analysis. Cinar [3] has obtained the solutions of the difference equation:.
aTp—1

Tpy] = —— .
s 1+ bxr,x,_1

Elabbasy et al. [8] studied the solutions of the rational recursive sequence
Alnp—k

Tnt+1 = & .
B+ Il zn—
i=1

Karatas [16] gave the solution of the following difference equation
g = TS
1+, 92Tn_5
Simsek [46] investigated the global stability, periodicity character and gave
the solution of some special cases of the difference equation
Tnpy = —3
1+2x,1
Yalginkaya [51] has studied the boundedness, global stability, periodicity
character and gave the solution of some special cases of the difference equa-

tion.
ATn—k

b+ czb’
See also [19]-[30]. Other related work on rational difference equations see in

Tn4+1 =

references [31]-[56].

Here, we recall some basic definitions and some theorems that we need in
the sequel.

Let I be some interval of real numbers and let

JARY Lan iy &

be a continuously differentiable function. Then for every set of initial con-
ditions x_j, _g41, ...,¢0 € I, the difference equation

(1.2) Tpt1 = F(Tn, @1, ..oy Tn_g), n=0,1,..,

has a unique solution {x,}>° .
A point T € I is called an equilibrium point of Eq.(1.2) if

T=F(z,7Z,..,T).

That is, ¢, = T for n > 0, is a solution of Eq.(1.2), or equivalently, T is a
fixed point of F.
That is, z, = T for n > 0, is a solution of Eq.(1.2), or equivalently, T is a

fixed point of F.
Definition 1. (Periodicity)

A Sequence {z,}22 _, is said to be periodic with period p if x4, = x,, for
all n > —k.

Definition 2. (Stability)
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(i) The equilibrium point T of Eq.(1.2) is locally stable if for every € > 0,

there exists § > 0 such that for all x_g, x_g11,...,x_1,29 € I with

|:E_k —T| + |x_k+1 —T| + ...+ |£L'() —T| <9,
we have

|z, —T| <e forall n>—k.

(ii) The equilibrium point 7 of Eq.(1.2) is locally asymptotically stable if
T is locally stable solution of Eq.(1.2) and there exists v > 0, such that for
all ¢, & _gy1,...,2-1, o € I with

|z_k — Z| + |2—py1 — | + ... +|z0 —T| < 7,
we have

lim =z, =T7.
n—oc

(iii) The equilibrium point T of Eq.(1.2) is global attractor if for all
Tk T—ft-1y -4y T—1, 20 € ]7

we have

lim z,=T7.
n—oo

(iv) The equilibrium point Z of Eq.(1.2) is globally asymptotically stable if
T is locally stable, and T is also a global attractor of Eq.(1.2).

(v) The equilibrium point T of Eq.(1.2) is unstable if T is not locally
stable.

(vi) The linearized equation of Eq.(1.2) about the equilibrium T is the
linear difference equation

k
OF (T,T, ..., T)
pi = S EEE T
i=0 Otp—i
Theorem A [44] Assume that p,g € R and k € {0,1,2,...}. Then
lpl+lal <1,

is a sufficient condition for the asymptotic stability of the difference equation

Tp+1 + PTn + qTp—k :Oa 77,:0,].,... .

2. ON THE EQUATION Zp41 = Zn—2%n—7/Tn—a(l + Tpn_2xn_7)

In this section, we give a specific form of the solution of the first equation
in the form:

Tp—2Tn—7
2.1 Tpt1 = , n=0,1,...
( ) " xn—4(1 + xn—Z:L'n—7)

K

where the initial values are arbitrary positive real numbers.

423



424

A. Khaliq and E. M. Elsayed

Theorem 2.1. Let {z,}52 _, be a solution of Eq.(2.1).Then, for n =
0,1,... . Now, it follows that

T30n—T7

T30n—6

Z30n—5

T30n—4

Z30n—3

L30n—2

Z30n—1

T30n

T30n+1

T30n+2

T30n+3

T30n+4

Z30n+5

L30n+6

L30n+7

T30n+8

-1
hn (14(107+3)bg) (14(10:+6)a f ) (1+(10z)ch)
H (14(10:4+-8)bg) (14+(10i+1)af) (14+( 10z+5 ch

1=0

(14(102+5)bg) (1+(10¢+8)a f) (1+(10i+2)ch)
0

=
n—1

(14(10i+7)bg) (14(102)a f)(14(10i+4)ch)

(1+(104)bg) (1+(10i4-3)af) (14+(10i+7)ch) )

f

':1

(14(10:4-2)bg) (14+(10i+5)a f) (14+(10:4+9)ch)

»—‘O

3 s
|

1

(14+(10i4+4)bg) (14+(10i4+7)a f)(14(10i+1)ch)
(1+(10:4+9)bg) (1+(10i+2)a f 1+(101+6)ch

=0
n—1
(14(10i4-1)bg) (14(10i4+4)a f) (14(10i+8)c
dH ( 1+Em§+s 1+Em§+9§3f +(10:+3)c )
=0
n—1
(14(10¢4-8)bg) (14+(10i4+1)a f)(14(10i4+5)ch)
¢ (T(10i+3)bg) (1+(10:+6)af) (I+(L0i+10)ch)
=0
n—1
b ( 1+(101+5)bg)(1+(1Oz+8)af)(1+(101+2)ch))
(1+(102+10)bg) (1+(10z+3)af) (1+(10:c+T7)ch)
n—1
o ( 1+(101+2)bg)(1+(101+5)af)(1+(101+9)ch))
(1+(10¢+7)bg) (14(10:+10)a f) (1+(10i+4)ch)
=0

n—1
ch H (14(1049)bg) (1-+(10i+2)af) (14+(10i+6)ch)
(1 + ch) (1+(10¢+4)bg) (14+(10¢+T7)a f)(1+(10:+11)ch)

n—1

( (14-(1054+6)bg) (14+(10i4+-9)af) (1+(10i+3)ch) )
(1+(107+11)bg) (1+(10:+4)af) (1+(10:+8)ch)

1 + bg) i

—1
af h ( (14(10i+3)bg) (14+(10i-+6)af) (14+(10)ch) )
c(1+af) b (1+(102+8)bg)(1+(10i+11)af) 1+(101+5)ch
-1

71—[ ( 1+(10i+10)bg) 1+(101+3)af)(1+(101+7)ch))
b(]_ —|—2€h (14+(10¢45)bg) (1+(10i+8)a f)(14+(10:+12)ch)

=0
—1
h +(102+7)bg)(14+(10i+10)a f)(1+(10i+4)ch)
a(l T ng F(10i+12)bg) (1+(10i+5)af) (1 (10i+9)ch)
n—1
eaf(1l+ch) H (1-+(10i-+4)bg) (14+-(10i+7)af) (1+(10i+11)ch)
Ch 1+ 2af) (1+(10249)bg) (14+(107+12)a f) (1+(10:+6)ch)
=0

n—1
dch(1 + bg) ( (10i411)bg) (1+(10i+4)af) (1+(10i+8)c h))
3

bg(l + 3Ch) b +(107+6) bg (14+(102+9)af)(14(10:+13)ch)

n—1
cbg(1+af) (14(10i+8)bg) (14+(10i+11)af)(1+(10i+5)ch)
af(l T 3bg H (1+( 101+13)bg)(1+(101+6)af)(1+(101+10)ch)

1=l

(=)
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T30n+9

T30n+10

L30n+11

L30n+12

L30n+13

T30n+14

T30n+15

L30n+16

T30n+17

T30n+17

T30n+18

T30n+19

L30n+20

L30n+21

T30n+22

where

b, zg = a.

n—1

baf(1+ 2ch)
ch(1+ 3af)

(14(10i45)bg) (14+(10i4+-8)a f)(14(10i4+12)ch)
(1+(107+10)bg) (1+(10i+13)a f) (1+(10:+7)ch)

3 s

»—\O
/\ —

ach(1 + 2bg) H

(14(104+12)bg) (14+(10i+5)a f) (14(10i4+9)ch) >
bg(1 + 4ch)

1+(10z+7)bg)(1+(107.+10)af)(1+(10z+14)ch)
1=0
n—

,_.

bgch(1+2af) (14(10549)bg) (14-(10i4+12)a f) (1+(10i46)ch)
ea f(14ch)(14+4bg) H (14(1044+14)bg) (14+(10i+T7)a f)(14+(10:4+11)ch)

=0
1
afbg(1+3ch) T ( (1+(10i+6)bg)(1-+(10i+9)af) (1+-(10i-+13)ch)
deh(1+bg)(1+4a]) (1+(10i+11)bg) (1+(10i+14)af) (1-+(10i+8)ch)
=0
-1
afh(1+3bg) E (14(10i+13)bg) (14+(10i+6)a.f) (1+(10i+10)ch)
bo(Ltaf)(115ch) (TH(10i+8)bg) (11 (10i+11)a f ) (1+(10i+15)ch)
=0
—1
gch(1+3af) nl—[ ((1+(101+10)bg)(1+(101+13)af (14-(10i+7)ch )
af(142ch)(145bg) (14(102+15)bg) (14+(10i+8)a f) (1+(10:+12)c
=0
n—1
fbg(1+4ch) ((1+(10H—7)bg)(1+(10H—10)af )(1+(10i+14)c )
ch(142bg)(1+5af) (14(102+12)bg)(14+(10i+15)a f) (1+(10:+9)ch
1=0
-1
eaf(1+ch)(1+4bg) K (14(107+14)bg) (14(10:+7)a f) (14(10i+11)c
bg(112af)(1+6ch) H (TH (1074 9)bg) (1 - (10 +12)a f)(1+(10i+16)c
1=0
1
dch(14-bg)(1+4af) T (14(10¢4+11)bg) (14(10i+14)a f ) (14+(10i+8)c
af(143ch)(1+6bg) H (1+(10:+16)bg) (14(10¢+9)a f) (1+(10'L+13
i=0
dch(14bg)(1+4af) T (14(10¢4+11)bg) (14+(10i+14)a f ) (14+(10i+8)c
af(143ch)(1+6bg) (14+(10:4+16)bg) (14+(10i+9)a f) (1+(10'L+13
=0
-1
bg(1+af)(1+5ch) 3 (14-(105+-8)bg) (14-(10i4+-11)af) (1+(10i415)ch)
R(113bg)(116af) (I (10i+13)bg) (T+(10i+16)af) (1+( 101+10 ch
=0
n—1
af(142ch)(14-5bg) (14(10¢4+15)bg) (14+(10i+8)a f) (14(10i4+12)ch)
g(1+3af)(1+7ch) (1+( 101+10)bg)(1+(101+13)af)(1+(101+17)ch)
=0
1
ch(142bg)(145af) TT { (14+(10i+12)bg)(1-+(10i+15)af) (1+(10i+9)ch)
7(114ch) (11 759) 1+ 101+17)bg)(1+(101+10)af)(1+(101+14)ch)

bg(1+2af) (1+6ch = (14(105+9)bg) (14-(10i+12)af) (1+(10i416)ch)
e(1+-ch)(1+4bg)(1+7af) H (14+(10:¢4+14)bg) (1+(10i+17)a f) (14+(10:+11)ch)

.
Il

0
-1

3

af(143ch)(146bg) ( (14(105+16)bg) (14+(10i4+9)af) (1+(10i+13)ch)
d(1+bg)(1+4af)(1+8ch) (14(10¢+11)bg) (14+(10¢+14)a f)(1+(10:+18)ch)

i
=}

x7=h,z =g, v 5=f v 4=e x3=d, v o=c x_1=

)
)
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Proof. For n = 0, the result holds. Now, suppose that n > 0 and that our
assumption holds for n — 1. That is,

|
o

n

_ (14(10i+3)bg) (14(10i+6)a f)(1+(10i)ch)
T30n-37 = h ((1+(10i+8)bg)g(1+(10i+1)af)(1+(10i+5)ch))
i=0
n—2
_ (14(108)bg) (14(10i+3)af) (1+(10i+7)ch)
T30n—36 = 9 ((1+(10i+5)bg)(1+(10i+8)af)(1+(10i+2)ch))
i=0

i
[V}

(1+(10i+7)bg) (1+(108)af)(1+(10i+4)ch) )

T30n—35 = f (1F(10i+2)bg) (1 +(10i+5)af ) (1+(10i+9)ch)

S .
Il
IR

(14(107+4)bg) (14(10:+7)a f) (1+(10:¢+1)ch)
(14(10:49)bg) (14+(10i+2)a f ) (1+(10:+6)ch)

|
=

T30n—34 =

o
I\DO

+(10i41)bg) (1+(10i+4)af)(1+(10i+8)ch)
T30n-33 = d ( (10i+6)bg)(1+(10i+9)af )(1+(10i+3)ch))

I
b &

3 .

(14(10i+8)bg) (1+(10i+1)a f)(1+(10i+5)ch) )

ZT3om-32 = € (T+(10i+3)bg) (1+(10i+6)a ) (1+(10i+10)ch)

@

no

n—

_ 14+(104+5)bg) (14+(10i+8)af) (14(10i+2)ch)
T30n—-31 = b ((1+(1o;+10 éqg (1+(1011+3)(tzf)(1+(1(le+7)cch))
_ 1 1+(10:4-2)bg) (14-(10i+5)a f) (14+(10i+9)ch)
T30n—30 = @ (((1+(10il+7)bg%((1+(1011—4—10)Zf))(1+(101i+4)cch))
i=0
_ (14(10i49)bg) (14+(10i4-2)a f) (1+(10i+6)ch)
T30n—29 = e(l +ch) H (1+(10i+4)bg) (1+(10i+7)af) (T+(10i+11)ch)
n— 2
bg (1+(10i+6)bg) (1+(10i+9)af) (1+(10i+3)ch)
T30n—28 = a1+ bg) H ((1+(10i+11)bg)(1+(10i+4)af)(1+(10i+8)ch))
i=0
n—2
_ af (14+(10i4-3)bg) (14(10i+6)af) (1+(10i)ch)
T30n—27 = c(1+af) };[0 ( 1+(10i+8)bg)(1+(10i+11)af)(1+(10i+5)ch))
n—2
_ +(10i410)bg) (1+(10i+3)af)(1+(10i+7)ch)
T30n—26 = b(1 + 2ch F(10i+5)bg) (1 (10 +8)af ) (1+(10i+12)ch)
z=0
n—2
" _ +(10i+7)bg) (14(10i+10)af) (14(10i+4)ch)
30n—25 = 1 n ng +(10i+12)bg)(1+(107+5)af)(1+(10i+9)ch)
=l
-2
. _eaf(l+ch) nl_[ <(1+ (10i+4)bg) (1+(101+7)af)(1+(101+11)ch))
30n—24 = ch(1+ 2af) (T+(10i+9)bg) (1-+(10i+12)af) (1+(10i+6)ch)

=0
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T30n—23

T30n—22

T30n—-21 =

T30n—-20 =

T30n—-19 =

T30n—18 =

L30n—17 =

T30n—-16 —

Z30n—-15 =

T30n—-14 =

T30n—-13 =

T30n—-12 =

T30n—-11 =

i
[V}

__ dch(1+bg) (14(10i4+11)bg) (14+(10i+4)a f) (14(10i4-8)ch)
 bg(1+3ch) (14(10¢+6)bg) (1+(10:+9)a f)(1+(10:+13)ch)
=0
n—2
_ cbg(1+af) (14(10i4-8)bg) (14+(10i+11)a f) (14(10i+5)ch)
—  af(1+3bg) (1+(10¢+13)bg) (14+(10i+6)a f)(1+(10i+10)ch)
=0
baf(1+26h = ( (14-(105+5)bg) (14-(105+8)af) (14+(10i4+12)ch) )
ch(143af) (1+(10¢+10)bg) (1+(10i+13)a f) (1+(10i+7)ch)
=0
n—2
ach(14-2bg) ( (14(104+12)bg) (14+(10i+-5)a f) (14(10i+9)ch) )
bg(1+4ch) (1(10i+7)bg) (1-+(10i+10)af) (1+(10i+14)ch)

n—2
bgch(1+2af) (14(102+9)bg) (14+(10i+12)a f)(14(10i+6)ch)
11 ( )

eaf(1+ch)(1+4bg (14(104+14)bg) (14+(10i+7)a f)(14+(10i+11)ch)

1=0

n—2
afbg(1+3ch) H ( (1+(10i46)bg) (14+(10i+9)af) (1+(10i+13)ch) )
deh(T+bg)(T+4af) | (1+(10i+11)bg) (1+(10i+14)af)(1+(10i+8)ch)

=0

n—2
afh(1+3bg) (14(102+13)bg)(14+(10i+6)a f)(1+(10i+10)ch)
bg(1+af)(1+5ch) (1+(102+8)bg) (1+(10¢+11)a f)(1+(10:+15)ch)

=0

)

gch(1+3af) T ((1+(1OZ+10 )(1+(10i+13)af)(1+(10i+7)ch))
af(1+2ch)(1+5bg) (1+(102+15)bg) (1+(10¢+8)a f) (1+(10:+12)ch)

.
Il

0
-2

3

fbg(1+4ch) (14(10i+7)bg) (14+(10:4+10)af) (14-(10i+14) ch)
ch(1+2bg)(1+5af) ) (1+(10:+12)bg)(14(10z+15)af) (1+(10:+9)ch)

~
[e=}

—2
eaf(1+ch)(14+4bg) E (14(103+14)bg) (14+(10i+7)a f) (14(10i+11)ch)
bg(1+2af)(1+6ch) (14(105+9)bg) (14-(10i+12)a f) (1+(10i416)ch)

3

deh(14bg)(1+4af) +(10i+11)bg) (14 (10i+14)af) (1+(10i+8)ch)
af(14+3ch)(1+6bg) +(10:4+16)bg) (1+(10i+9)a f)(14+(10i+13)ch)
=0

-2
bg(1+af)(1+5ch) E (14(102+8)bg)(14+(10i+11)a f)(14+(10i+15)ch)
h(143bg)(1+6af) (14+(104+13)bg)(14(10:+16)a f) (1+(10i+10)ch)

1=0

n—2
af(142ch)(14-5bg) ( (14(10i+15)bg) (14+(10i+8)af) (1+(10i+12)ch) )
9(1+3af)(1+7ch) (14 (10¢+10)bg) (1+(10i+13)af) (1+(10i+17)ch)

=0
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428
n—2
_ ch(142bg)(14+5af) (14(10i4-12)bg) (14(10i+15)a f)(14+(10i4+9)ch)
Z30n-10 = f(1+4ch)(1+7bg 1+ 101+17 )bg) (I+(106+10)af)(1+(10i+14)ch)
1=0
-2
_ bg(14+2af)(1+6¢ch) E (14-(10949)bg) (14-(10i4+-12)a f) (1+(10i4-16)ch)
T30n—9 = gT+ch)(1+4bg)(1+7a)) (1+(101+14 bg)(1+(10i+17)af) (1+(10i+11)ch)
=0
—2
_ af(14+3ch)(1+6bg) b (14(10i+16)bg) (1+(10i+9)af) (1+(10i+13)ch)
T30n—-8 = J(Ttbg)(1+4af)(1+8ch) (1 (106+11)bg) (1+(10i+14)af) (1+(10i+18)ch)
i=0

Now, it follows from Eq.(2.1) that,
T30m_6 = T30n—9T30n—14
" @3on-11(1 4 2300—9T30n—14)

bg(142af)(1+6ch) n-? (14(10i+9)bg)(14(10i+12)af)(1+(10i+16)ch)
H (14+(104+14)bg) (14 (10:+17)a f) (1+(10:+11)ch)

e(1+ch)(1+4bg)(1+7af) 0
(1+(10i+14)bg)(1+(10i+7)af)(1+(10i+11)chg)
] ch

eaf(14+ch)(1+4bg) n=2
bg(1+2af)(1+6¢ch) 1;[ ((1+(10i+9)bg)(1+(10i+12)af)(1+(101+16)

B af(1+2ch)(1+5bg) H2 ( (14(10i+15)bg) (14+(10i+8)a f) (1+(10i+12)ch) )
9(14+3af)(1+7ch) 0 (1+(102+10)bg) (1+(10i+13)a f)(1+(10:+17)ch)
1+ bg(14+2af)(1+6ch) ”H ((1+(101+9)bg)(1+(101+12)af)(1+(102+16)ch))
e(T+ch)(1+4bg)(1+7af) 0 (1+(104+14)bg ) (1+(10:+17)a f) (1+(10i+11)ch)
eaf(14ch)(1+4bg) ”13[2 ((1+(10i+14)bg)(1+(10i+7)af)(1+(10i+11)ch))
bg(1+2af)(1+6¢ch) — (1+(10i+9)bg) (1+(10:+12)a f)(1+(10i+16)ch)

af
(Hw)E (1+ (10i + 17)af)

= n—2
af(142ch)(1+5bg) (14(10¢+15)bg)(14+(10i4-8)a f)(1+(10i+12)ch)
H (1+(10¢4+10)bg) (1+(10¢+13)a f)(14+(10i+17)ch)

g(1+3af)(1+7ch)
H (14 (10i + 7)af)
1+7af) (14 (10 +17)af)

"‘2( (1+ (10i + 7)af) )

n—2
(14(10¢4+10)bg) (14+(10i4+13)a f) (14(10i4-17)ch) >

g(143af)(1+7ch) H (
(1+2ch)(1+5bg) (I+(10i+15)bg) (1+(10i+8)af) (1+(10i+12)ch)

i=0

1
~ (1+(00n—=3)af)
[1+(1+(10n 3af) }

-2
(14(104410)bg)(14+(10i4+13)a f)(14(10i4+17)ch)
(14(10:4+15)bg) (14(10:+8)a f) (1+(10:+12)ch)

_ g(143af) (1+7ch
- 1+2¢:h )(145bg)

[(1 + (10i — 2)af)}

(14(102)bg) (14(10:+3)af)(14+(10:+7)ch)
ZL30n—-6 = g H ((1+(10z+5gbg 1+(10z+8)af)(1+(101+2)ch))
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Similarly, one can easily obtain the other relations. Thus, the proof is com-
pleted. O

Theorem 2.2. Eq.(2.1) has a unique equilibrium point which is T =0, and
is not locally asymptotically stable.

Proof. We see that from Eq. (2.1)

or
T(1+7 - 1) =0,
7' =0.
Thus the equilibrium point of (2.1) is 7 = 0.
Let f:(0,00)3 — (0,00) be a continuously differentiable function de-
fined by

VU
flu,v,w) = m

Therefore at T= 0

af\ afr\ AN
(%);1’ (a?)gl’ (a—wl—‘l'

The proof follows by using Theorem A (]

For confirming the results of this section, we consider some numerical
examples which represent different types of solutions to Eq.(2.1 ).

Example 1. We assumex_7 =13, z_¢ =7, x_5 =19, z_4 = 10, z_3 = 15,
x_9 =8, x_1 =10, zg = 12. ( See Figure 1).

Example 2. See Figure 2 where v_7 =9, x_¢ = 15, x_5 = 11, z_4 = 10,
r_3="T,2_9=8, x_1 =10, 9 = 4.

plot of x(r+1)=x(n-2X(nTYx(n-4)( (- 2X(F 7))

()
3

Figure 1.
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plot of x(n+1)=x(m2X(nTYX(4) 1+X(2)(n 7))

x(n)

Figure 2.

3. ON THE EQUATION Zp41 = Zp—2%n—7/(Tn—a(—1+ zp_2xp_7))

In this section, we give a specific form of the solution of the first equation
in the form:

Tp—2Tn—7
3.1 Tpt1 = , n=0,1,.
( ) s xn—4(_]~ + xn—?-’£n—7)

-
where the initial values are arbitrary nonzero real numbers.

Theorem 3.1. Suppose {x,}2_, be a solution of Eq.(3.1). Then

Tt = Crrapot Tines = A g,
Tson=s = gt Ton-2 = S g
Tan-1 = Crap(ta e = S
T30n+1 = e(—1::;)_"1(tb1%)rzh)"“’ T30n+2 = bg(_;(talQ:sg)_"iCh)n,
it = o, = Sl
T30n+s5 = a(—1f5J(‘)_"1J:rllzg_):+ch)m T30n+6 = eaf(_l;c(}i)f:;;)_nuaf iy
e
T30n+0 = ch(—llfcfff)_"l(tlﬁng)mm Z30n+10 = GCh(_;;EiQ:LIEg_)lﬁLCh)n,
T30n411 = eaf(_cl’fflg;ﬁ’zg_);af)m T3omi1s = afbg(gclljzc_hl)::;)(;jjaf)"y
af(—11bg)" 11 _ geh(=1+ch)"(~14af)"+1

T30n+13 = bg(—1+ch) T (—Itaf)"FI T30n+14 = af(—1+bg)"F1 s
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Z30n+15 = ch(_lﬁ)cg,f)_nl(ﬁ%z:f)nﬂ . T30n416 = eaf(—l;;@;ﬁé)—y}+af)”)
T30n+17 = af(—dlﬂ;)lrﬂff)_n;af)m T30n 118 = 2 (_128(}1_)::,;)_7&“")”17
T30n+19 = 9(—14?!/1()_"}"_’1_53);:¢:f)n+17 T30n+20 = Ch(_l}r(c_hl):(b;)lﬂ%f)nﬂ,
i = R, s = Sy

where x_7=h, 2 g=g,x_5=f, x4=e, x_3=d, x_o=c, x_1 =
b, xg = a, and af, ch, bg # 1.

Proof. 1t follows from Eq.(3.1) that,

Z30n—10L30n—15

€T _ =
3on =T 230n—12(—1 + T30n—10T30n—15)
ch(=1+ch)"~ (—=1+af)" _ fbg(~1+bg)"~t
_ f(=1+bg)™ ch(=1+ch)"~I(—1+af)"
- bg(—1+ch)™(—14af)" 1 ch(—1+ch)"_1(—1+af)" fbg(—1+bg)"_1
[ R(—1+bg)™ H— + F(=1+bg)™ ch(—1+ch)"—1(—1+af)"]
by
h(=1+bg)" —————
_ ( 9) “1+09)
bg(—1 + ch)*(—1 + af)" [—1 + b—g]
(=1 +4bg)
_ h(—=1+bg)"
(=14 ch)"(—=1+af)[1 —bg + bg]
. h(—=1+bg)"
(=14 af)r(=1+ch)
Z30n—2T30n—7
T30n+1 =

230n—4(—1 + T30n—2230n—7)
c(=1+af)"(—1+ch)™ h(—1+4bg)™

_ (=1+bg)™ (=1+af)*(=1+ch)"
e(—1+af)"(—1n+ch)"} [_1 N c(—1+af)"(—1n+ch)" h(—ln-i-bg)" _
(—1+bg) (—1+bg) (—14+af)n(—1+ch)
_ ch
fe(=1+af)" (=14 ch)”
Citbg)r ] [—1+ ch]
ch(—=1+bg)"

e(=1+af)*(=1+ ch)t1’
The other relations can be prove similarly. Thus the proof is completed. O

Theorem 3.2. Eq.(3.1) has a periodic solutions with period ten iff af =
bg = ch = 2. Moreover, {x,}5° _ takes the form

2 2
{h,g’fveadacvbaav ] _’haga } .
e d
Proof. The proof follows from the forms of solutions of Eq. (3.1). O

Theorem 3.3. Eq.(3.1 ) has two equilibrium points which are 0,4+/2 and
these equilibrium points are not locally asymptotically stable.



432 A. Khaliq and E. M. Elsayed

Proof. For the equilibrium points of (3.1), we can write,

2

_ T
T=——"——>5+
z(—1+7?)’

or
72T - 2) = 0.

Thus, the equilibrium points of (3.1) are 0 and ++/2.

Let f:(0,00)3 — (0,00) be a continuously differentiable function de-
fined by

vu

flu,v,w) = oI ron)

Therefore at T= 0

(8 (@) (@)=

The proof follows by using Theorem A O

Example 3. We assume z_7 =6, ©_¢g =2, x_5 =24, x_ 4 =05, v_3=
0.9, z_9=0.6, x_1 = 1.3, 29 =5. ( See Figure 3).

Example 4. See Figure 4 when we put x_7 = —4, x_g = 3.2, ©_5 =
-9, 2 4=-6,2_3=0.9, z_9=-0.5, x_1 =5/8, zog =—2/9.

x10° plot of x(n+1)=x(N-2)x(F-7)x(H4)(-1+ X(n-2)x(n-7))

25¢

05

Figure 3.
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plot of x(n+1)=x(n-2x(n-7)/x(nF4)(-1+X(n-2X(n-7))

x(n)

Figure 4.

The following theorem is similar to that of Theorem (2.1).

4. ON THE EQUATION Zpt1 = Tpn—2Tn—7/(Tn—a(1 — Tp—22n_7))

In this section, we give a specific form of the solution of the first equation
in the form:

Tp—2Tn_7
1 7 n= 07 1)
37"_4( - xn—Ql'n—7)

(41) Tn+l =

ceey

Theorem 4.1. Let {x,}52 - be a solution of (4.1). Then, forn=0,1,...

n—1

won-1 = b JT (crtsmn o et i sie)
-

L3m-6 = ¢ H ((1(1(1(01103;)%);)1(1(1(%7:3—)8%,‘1 (l%ﬁgﬁh)
o

zns = 1 ] (e ot iorsiery )
i

sons = e[| (Gt pent=togas)
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T30n-3

T30n—2

T30n—1

T30n

Z30n+1 =

L30n+2 =

T30n+3 —

L30n+4 =

L30n+5 =

T30n+6 —

T30n+7 —

A. Khaliq and E. M. Elsayed

|
—

n

= d

I Il
(= (e}
o ._.c: »—-o

S
L

0

-
Il

ch

(
[T (¢
1
I (-

(1—(10i+1)bg (10i+4)af)(17(10i+8)ch))
T—(10i+6)bg)(1—(10i+9)af)(1—(10i+3)ch)
1—

1—(10i+8)bg)(1—(10i+1)af)(1—(10i+5)ch)
(104+3)bg)( 1 (10i+6)af)(1—(10i+10)ch)

(
(

1—(10i45)bg) (1—(10i+-8)af)(1—(10i+2)ch) )
(1—(102+10)bg)(1—(10i+3)af)(1—(10:+7)ch)

(1—(10i+2)bg)(1—(10i+5)af)(1— (10i+9)ch))
(10i+7)bg)(1—(10:+10)a f)(1—(10i+4)ch)

1

3
|

( (1—(10i+9)bg)(1—(10i+2)af)(1—(10i+6)ch) )
(1—(107+4)bg) (1—(10i+7)af) (1—(10i+11)ch)

( (1—(10i+6)bg)(1—(10i+9)af)(1—(10i+3)ch) )
(I—(10i+11)bg)(1—(10i+4)af)(I—(10i+8)ch)

H( (1—(10i+3)bg)(1—(10i+6)af)(1—(107)ch) )
(10i+8)bg)(1—(10i+11)af)(1—(10i+5)ch)

n—1
ch ((1—(10i+10)bg)(1—(10i+3)af)(1—(10i+7)c ))

b(1 — 2ch) |

bg

h
(T=(10i+5)bg)(1—(10i+8)af) (1—(10i+12)ch)

a(l — 2bg)

eaf(l—ch

ch(l—2af

H ((1—(10i+7)bg)(1—(10i+10)af)(1—(10i+4)ch))
(I—(10i+12)bg)(1—(10i+5)af)(1—(10i+9)ch)
i=0

) n—1

(( —(10i+4)bg) (1—(10i+7)af) (1—(10i+11)c h))
)'70 (T=(10i+9)bg)(1—(10i+12)af)(1—(10i+6)ch)

n—1
dch(1 — bg) ((17(10i+11)bg) 17(10i+4)af)(17(10i+8)ch))
) -

bg(1 — 3ch

n—1

_ cbg(1—af)

(
(T—(105+6)bg) (1—(10i+9)af ) (1—(10i+13)ch)

T30n+8 = GF(1—3bg)

(=)

=

n—

baf(1—2ch)

( —(10i+8)bg)(1—(10i+11)af)(1—(10i+5)ch) )
(1—(104+13)bg)(1—(10i4+-6)af)(1—(10i+10)ch)

1

L30n+9 =

ch(1-3af)

( —(10i+5)bg) (1—(10i+-8)af)(1—(10i+12)ch) )
(10i+10)bg)(1—(10¢4+13)a f)(1—(10i+7)ch)

=0

3
|

ach(1—2bg)

=

ZT30n+10 —

bg(1—4ch)
%

bgch(1—2af)

( (1—(10i+12)bg)(1—(10i+5)af)(1—(10i+9)ch) )
(I1—(10i+7)bg)(1—(10i+10)af)(1—(10i+14)ch)

Il
<}

T30n+11 = eaf(1—ch)(1—4bg)

(1= (10i4+9)bg)(1—(10i+12)af)(1—(10i+6)ch)
H (T=(10i+14)bg)(1—(10i+7)af) (1—(10i+11)ch)
i=0

)
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T30n+12

T30n+13

T30n+14

T30n+15

T30n+16

L30n+17

T30n+18

L30n+19

T30n+20

Z30n+21

L30n+22

n—1

dch(1—bg)(1—4af) |

afbg(1—3ch) H (1—(10¢46)bg)(1—(10i49)a f)(1—(10i+13)ch)
(1—(10e+11)bg)(1—(10:+14)a f)(1—(10¢+8)ch)
=0

n—1

afh(1—3bg) (1—(10i+13)bg)(1—(10i+6)af)(1—(10i4+10)ch)
bg(1—af)(1-5eh) L1 \ (T-(10/8)59) 1107+ 1D)a ) (T—(107+ 15)ch)

.\,
i
=}

i
L

af(1—2ch)(1—5bg) ]

geh(1—3af) (1=(10i+10)bg) (1—(10i+13)af)(1—(10i+7)ch)
(T—(10i+15)bg)(1—(10i+8)af)(1—(10i+12)ch)

ﬁ
Il
=}

i
)

ch(1—2bg)(1— 5af)

fbg(1—4ch) (1—(10i+7)bg) (1—(10i+10)af)(1—(10i+14)ch)
(T—(10i+12)bg)(1—(10i+15)af)(1—(10i+9)ch)

ﬂ
Il
<}

n—1

eaf(1—ch)(1—4bg) ( —(10:+14)bg) (1—(10i+T7)af)(1— (10i+11)ch))
bg(1—2af)(1—6¢ch)

(10i-+9)bg)(1—(10i+12)af)(1—(10i+16)ch)
i=0

S

i
L

dch(1—bg)(1—4af) ((1 (10i411)bg)(1—(10i+14)af)(1—(10i+8)c h)>
af(1—3ch)(1—6bg) J h)

(T—(10i+16)bg)(1—(10i+9)af)(1—(10i+13)c

s
Il
<}

n—1

bg(1—af)(1—5ch) ((1 (10i+8)bg)(1—(10i+11)af)(1— (10i+15)ch)>
h(1—3bg)(1—6af)

1—(10:4+13)bg)(1—(10i+16)af)(1—(10:+10)ch)
=0

af(1—2ch)(1—5bg) H ((1 (10z+15)bg)(1—(10i+8)af)(1—(10i+12)ch))
g(1—-3af)(1-7ch) |

(T—(10i+10)bg) (1—(10i+13)af) (1—(10i+17)ch)

1=

n—1

f 1 4ch) (1 7bg)

h(1—2bg)(1—5af) ( —(10i+12)bg)(1—(10i+15)af)(1— (10i+9)ch))
—(10i+17)bg)(1—(10i+10)a f)(1—(10i+14)ch)
=0

n—1

e(1—ch)(1—4bg)(1-Taf)

bg(1—2af)(1—6¢ch) ( (1—(10i+9)bg)(1—(10i+12)af)(1—(10i+16)ch)
(I—(10i+14)bg)(1—(10i+17)af)(1—(10i+11)ch)
i=0

~.

3
|
—

d(1-bg)(1—4af)(1— 8ch)

af(1—3ch)(1—6bg) (1= (10i+16)bg) (1—(10i+9)af) (1—(10i+13)ch)
(T—(10i+11)bg)(I—(10i+14)af)(1—(10i+18)ch)

N
Il
=}

where x_7=h, x ¢ =g, x_5=f, x_4=e, x_3=d, T_o=c¢, T_1 =

b, xg = a.

Theorem 4.2. Eq.(4.1) has a unique equilibrium point which is T = 0, and
s not locally asymptotically stable.

Example 5. We assume x_7 =6, ¢ =1, v_5 =9, x4 =5, x_3 =
7, x_9=1,2_1=3, xg =4. ( See Figure 5).

Example 6. See Figure 6, when x_7 = 1.6, x_¢ = 1.8, z_5 =.9, z_4 =
5, r_3 = .7, T_9 = 1.6, r_1 = 3, To = 4.

)
)
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Figure 6.

The following theorem is similar to that of Theorem 3.1.

5. ON THE EQUATION Zp4+1 = Zp—2%n—7/(Tn—a(—1 — Tp_2xn_7))

In this section, we give a specific form of the solution of the first equation
in the form:

Tpn—2Tn—7
5.1 il = , =0,1,.
( ) ot xn—4(_1 - w'n—?«'l}n—7) "

..y

where the initial values are arbitrary positive real numbers.
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Theorem 5.1. Assume that {x,}5>_, be a solution of Eq.(5.1). Then

Taonr = i g = AL

T = Ty T4 = S

Taons = Crappday Taonz = T EhnEem
T3n+1 = e(_l_c:})_,zl(iblg_)zh)n+l, T30n42 = bg(j(:alf_)zé)—nl;lch)"’
s = e, s = AT
T30n+5 = a(—1f5};"1ﬁlzg3:_ch)n’ T30n+6 = eaf(*l;;f(}i):j;;)fnlfaf T

dch(—1—bg)™t1 cbg(—1—af)"t1(—=1—ch)™

TI0n+T = pg(Ci_ch)iFl(—1—af)n’ L30n+8 = af(—1—bg)" T ,

T30t = ch(—lbfcffg)_"l(:lig_)z 7T T30n4+10 = ac}z(_;g_(af?jé;)ln_c’l)n,
T30n+11 = eaf(—clh_bglg)_"l-k_ll()i):_af)n, 300412 = 2 bg(;clh_(c_hl)jzgl)(; A—al)”
T30n+13 = bg(_lﬁc};f);if(bf):r; Py T30n+14 = gCh(illjf(c_hl)i(b;)lnflf )n+l,
Tt = Ty Taomss = el
Z3n+17 = 3 f(_‘ic_’lé,:)l,;lﬁ)j:_la 77 T30n1s = bg(~1—hc(fi):t;;;:;af)"+l,
T30n+19 = g(—1—acf;£)_n1+:€g)1n:f)n+u T30n+20 = Ch(_lf_(c_hl)ig,;)lnﬁf)m,
T30nt21 = 5(—1—0%("_+llzﬁgltaf)"“ » o X30n+22 = af(_ld_(c_hl)j;rgl)(njrll_af)n;

where x_7=h, 2 =9, 2_5=f, ®_4=e, v_3=d, T_9g=c¢, x_1 =
b, xg = a, and af, ch, bg # —1.

Theorem 5.2. Eq.(5.1) has a periodic solutions with period ten iff af =
bg = ch = 2. Moreover, {x,}>2 _, takes the form

-2 =2
{h’g> f,e,da &) ba a, ?7 _7h7g>"'} .

Theorem 5.3. FEq.(5.1) has a unique equilibrium point which is T =0 and
this equilibrium point is not locally asymptotically stable.

Example 7. We assume x_7 =4.6, v_¢ =32, x_5 =4, v_4 = —6, x_3 =
9, £_9=0.6, x_1 = 0.8, g =2.5. ( See Figure 7).

Example 8. Figure 8, shows solution when x_7 =4, x_¢ = —3.2, ©_5 =
9, x_g=—-6, x_3=0.9, x_o=-0.5, x_1 =5/8, 9 = —2/9.
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plot of x(rm+1)=x(n2x(nTYx(n4)(-1-x(-2X(n-7))
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Figure 7.

plot of x(r+1)=x(n2X(n-7)/x(ne4)(-1-x(n2)x(+7))

Figure 8.
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